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Abstract 

We construct monads for framed torsion-free sheaves with fixed Chern character on the 
multi-blow-ups of the complex projective plane. Using these monads we prove that the moduli 
space of such sheaves is a smooth algebraic variety. Moreover we construct monads for families 
of such sheaves parametrized by a reduced noetherian scheme S of finite type. A universal 
monad on the moduli space is introduced and used to prove that the moduli space is fine. 



1 Introduction 

In this paper we are concerned with the construction of the moduU space AlE ^ of framed torsion- 
free sheaves of a fixed Chern character on a multi-blow-up of the complex projective plane; tt : 
P — > P^, by using monadic descriptions which lead to an ADHM data. The ADHM data will be 
useful, at a first step, to give a presentation of the moduli space as a quotient Al? j^ — P/G where 
P is a space of some matrices satisfying certain conditions and which will be described below. At 
a second step the monadic description is used to prove that the space Al? is a smooth algebraic 

variety of dimension 2rlk + ^) — |ap. This is done by generalizing Buchdahl construction for 
holomorphic bundles [1], in order to extend it to torsion-free sheaves. An additional result is the 
construction of a monad corresponding to a family T on a product P x 5, where S" is a Noetherian 
reduced scheme of finite type on which J- is fiat. In particular, there is a universal monad on 
P X Al? ^ . Using these monads we construct a natural transformation 

which is a bijection for every reduced point s. Then using the ADHM presentation of the moduH 
space Al? ^ and the properties of the universal monads constructed, we prove that the scheme 
A^? is a fine moduli space. 

Another way of treating the moduli space is to show that one can choose, on P, a polarization 
in a such a way that a framed sheaf (f , $) is stable framed sheaf in the sense of Huybrechts and 
Lehn, and using their result that the moduH space of such objects is a quasi-projective scheme 
[4l[l4j. The equivalence between the two approaches is estabhshed by the fact that in both cases 
the moduli space is fine as we prove for the moduli space AlE ^. in this work. This generalizes 
the result by Nakajima Q and Okonek |6J et al in the cases of Hilbert schemes of points on the 
projective plane, and rank-2 stable bundles on the projective plane, respectively. This comparison 
also implies that A^? ^ is quasi-projective. 
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2 The construction of the monad 

Let TT : P — > be the blow-up of the projective plane at n distinct points. P is regular 
{H^{P, O) — 0) and its Picard group is generated by n + 1 elements, namely: Pic{P) = ©"^^-EiZ© 
loo'^, where every Ei is an exceptional divisor with the following intersection numbers: Ef — —1, 
{Ei ■ Ej) — for i ^ j, {Ei - Zoo) = and where Zoo is the divisor which is given by the generic line 
in and = 1. The canonical divisor of the surface P is given by = — 3Zoo + ^f=iEi. The 
Poincare duals of these divisors are given by {Loa, Ci, • ■ • e„) where < Loo, loo 1, < Ci, Ej >— Sij 
and also ■ Cj = —Sij- In terms of Hue bundles, a divisor of the form D — pl^o + T^i^^qiEi 
has the associated Hne bundle 0{D) — 0{p, ~q) — O{plao) ^ 0{qiEi) (g) • • • ® 0{qnE„) where 
~q — (gi, ■ ■ ■ , Qn). Then the canonical divisor is given by Wp = 0{—3, 1 ), 1 = (1, ■ • ■ , 1). The 
Riemann-Roch formula for a line bundle 0{p, ~q) is given by: 

xioip, r)) - ^[(p + + 2) - + siLift]. 

where — Ti^^^q^. We also use the fact that a line bundle 0{p,~q ) restricts to 0{p) on the 
linear system [©(/qo)! and to 0{—qi) when restricted to the linear system \0{Ei)\. 

For a torsion-free sheaf £ of Chern character ch{£) = r + [aloe + Ti^^iaiEi) — {k g — 

twisted by a Hne bundle 0{p, ~q) the Riemann-Roch formula is given by: 

x(f(p,t)) = -[fc-^(« + 3) + isr=ia.(a.-l)] + ^[(P+l)b + 2)-Sr=i*fe-l)] + [«P-Sr=ia^'Zd- 

Now we restrict ourselves to the case of torsion-free sheaves £ with Chern character ch{£) = 
I — 

r+{Y7l^^aiEi) — {k+'A^)(jJ which are framed on the generic line Zoo i-e we have a fixed trivialization 
<f> : £\i^ — > . The direct image 7r*f of £ is semi-stable and torsion-free. Note that a torsion 
free onTp^ is semi-stable if and only if i/°(p2, = iJ''(p2, = 0, and this is guarantied, 

in our case, since it^£ is framed ([6j, page 167). 

From the natural injection of the sheaf £ in its double dual £** , we have the following exact 
sequence: 

(1) — >£ — >£** — >A — *0 

where £** has Chern character ch{£**) = r + (JJl^^aiEi) — {k — I + '-^)uj, and Z is the length of 
quotient sheaf A supported on finitely many points with suppA n Zoo = 0- 

Proposition 2.1. H°{F,£**{p,'q)) = H°{F,£*{p,~q)) =0 V~q if p < and 

H'^{P,£**{p,-q)) = H°{F,£*{p,-q)) = y-q if p = -1,-2. 

Proof. From the following exact sequence: 

+ 1), q^) ^ ^ 

we take the resulting long exact sequence in cohomology. One can see that since £** is framed 
then H°{l^,£**^{~p)) = H^{1^,0®'' {-p)) which vanishes if p > 0. By Serre duality also 
H^{loo,£\i*^{-p)) ^ H^{loo,0®''{j) - 2)) = for p < 2 in particular for p = 0,1. Then one 
has H°(P,£:**(-(p + 1),"?)) ^ H°{F,£**{-p,~q)) for p < and H^{¥, £** {-{p + l),~q)) ^ 
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H^{F,£**{-p,~q)) forp < 2 and in particular for p = 0, 1. But for p large enough H°{V, £** {-p,~q)) = 
0, thus the latter vanishes if p > 0, V~^. By Serre duality one has 7?^(P, £*{p — 3,1 — q)) = for 

P=l,2. _^ ^ ^ 

The proof is the same for H^(F, £*{—p, q )), and by Serre duality also i/^(P, f **(p— 3, 1 — q)) — 
for p = 1,2. 

□ 

Corollary 2.1. ff°(P, f (p, )) = y~q if p < and 

H^{F,£{p,~q)) ^0 V"q j/p= -1,-2. □ 

We also use the following form of Serre-Grothendiek duality for coherent sheaves 

Theorem 2.1. On a smooth algebraic projective variety X of dimension n over an algebraically 
closed field K , and for every two coherent sheaves T and J , the following formula holds: 

Exf{T, J) = Ext"'\J, T ® uJxT 

where ujx is the canonical sheaf 



Let us now start the program to construct the monad which describes the torsion-free sheaf £ 
as its cohomology. First define the spaces Bi Hom{£, Oi^. (— 1))* and let Bi = ©"^^-8^(1, ~Ei). 
Then the extensions of the form 

— >£ — >Qi — >Bi — >0 

are classified by the group Ext\Bi,£) = ©f^i^* Ext\£,0{-2,l' - E^))* . Applying the 
functor Hom{£, •) to the sequence 

(2) ^ 0(0, -E,) -^O^O\E,^0 
after a twisting by 0(— 2, 1 ) one obtains 

Hom{£, 0{-2, Hom{£, 0\e, (-1)) ^ Ext\£, 0(-2, ~l - Ei)) 

but Hom{£, 0{-2, ^ i7^(P, 0{-l, 0))* which vanishes by the corollary above. Then the map 

B:<^^ Ext\£, 0{~2, ~1 - E,)) 
is injective. This implies that the map 

Ext\£,0{'2,l' - E,))* Bi 

is surjective. Thus there exists an extension Qi which is mapped to the identity in End{Bi) under 
the composition of the projection on the z*'' factor and the map r above. 

Let us now define Ai := Ext^{£,0\ES-'^))* and Ai := ®f^iAi(-l, i;,). The extensions of the 
form 

— >Ai — >Xi — >£ — >0 

are classified by 

Ext^{£,Ai) = ®'l^iA,®Ext^{£,0{-l,E,)) 

Applying this time the functor Hom{£, •) on ([2]) twisted by 0{~1, Ei) one have the following 
exact sequence: 

(3) — y Ext^{£,0{~l,Ei)) — > Ext^{£,0\E,{~l)) — > Ext^{£,O{~l,0)) 
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where Ext^{£,O{-l,0)) = iJ°(P,f(-2, 1 ))* = also by the corollary above. Thus there exists 
an extension in Ext^{£,Ai) which maps to the identity in End{Ai). 

To construct a display of a monad one may apply proposition 2.3.2 in [7]. In our case one has 
Ext'^(Bi,Ai) = ®ljAi (g) B* (g) H'^iV, 0{-2, Ei + Ej)) = 0, thus there exists a sheaf Wi and exact 
sequences 

— >Ai — >Wi — >Qi — > 
— >Xi — >Wi — >Bi — > 
which fit into the following commutative diagram: 

(4) 









\ 


\ 




Ai 


\ 


\ 




Wi 


\ 


\ 




Qi 


\ 


\ 









I I II 



and thus one has a monad 



Ml : — >Ai — >Wi — >Bi — >Q 



with cohomology the torsion free sheaf £. 

For further computations one needs to know the Chern characters of the sheaves involved 
in the display. By standard computations one, first, has x(^j (— 1)) = Ui. If we put di = 
ext^{£, 0\Ei (—1)) = dimAi and c?- = hom{£, 0\Ei (—1)) = dimBi then di — d[ = —ai. We also put 
D = Ef^id- rkAi and D' = rkBi = Ef^^d^, then D - D' = -^f^^a, -a. It follows that: 

ch{Ai) = D - [Dl^ - j:'l^^d,E,] 

ch{Bi) = D' + [D'l^ ~ EJLid^S,] 
By the additivity of the Chern character on exact sequences one has the following: 

ch{Xi) = ch{Ai) + ch{E) ^(r + D)- [Dl^ - ^"^M + ci^)E,] - {k + 



h{Qi) = ch[Bi) + ch{£) = (r + D') + [D'l^ ~ Sf^i(d^ - a,)E,] - [k + '-^)uj 



ch{Wi) = ch{Ai) + ch{Qi) = ch{Bi) + ch{Xi) = {r + D + D') + al^ - {k + ^ V 

The monad we got has the disadvantage to have a middle term which is not trivial, this complicates 
the computations for getting explicit ADHM data. We want to construct another monad, from 
the one obtained above, with trivial middle term. This will be done in few steps, and first we need 
the following: 

Lemma 2.1. Wi is trivial on every exceptional divisor Ei of the blow-up 

Proof. Twisting the monad by 0{Ei) and restricting on the exceptional divisor Ei one has 
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(5) 

I \ 

A,i-2) ^= A,i-2) 

I I 

^ ^ W^ilB, (-1) ^ ^ 

I I II 

I \ 


The long exact sequence in cohomology of the right column in the display above gives: 



(6) 

H\E,,M-2)) H\E,,W^\eS-^)) H\E,,Q^\eS~^)) 

Ai 

but from the last row of the display above one has 

A, H\E,, Qi|£, (-1)) B, H\E,,Q,\eA-^)) 

which means that 

H"iE,,Q,\EA-^))=A, H\E,,Q^eX-^)) - 

and 

= 0, H\E,,W^eS^I)) = Q Vi = l,n. 
Thus the lemma follows. □ 

This means that Wi is the pull back of some sheaf on P^, namely, it is the pull-back of its 
direct image: Wi = 7r*(7r*Wi). As a consequence TZ^Tr^,Wi = 0. 

It will be useful to see, from the display, to which kind of sheaves the extensions Qi and Xi 
correspond. For this let us dualize the last row of the display: 

— >Bl — >Ql — >£* — > £xf{Bi,0) 

where £xt^{Bi,0) vanishes since Si is locally free. Dualizing again the resulting short exact 
sequence one gets: 

— >£** — > Ql* — >Bi — >0 
and since we have the natural sequences |(T]) and 

— >T — >Qi — >Ql* — >A' — >0 
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we can construct the following diagram: 







1 




1 

1 








1 



1 


T 

1 

1 






n 


1 

> c 


> O, ^ 




n 


0- 


I 

1 


1 




^0 


— kerS 


^ A- 




■0 






1 




1 









By the snake lemma one has^ T = 0, /cer(5 = 0, A = A'. Then Qi is torsion free with 
A' = Ql* /Qi = £** jZ = A. Using a similar argument, one can check that Xi and Wi are 
torsion-free and Ax = Aw, where Ax = X**/Xi, Aw = 

Now we need to go through some intermediate steps to construct the right monad, starting by 
constructing a monad on P^. For this we need the following: 

Theorem 2.2. A torsion-free sheaf T on is given by the cohomology of a monad with trivial 
middle term if 

i^°(p^J^(-l)) = 0, and i^°(p^ = 

Proof. The BeiHnson theorem ([6j, 3.1.3 and 3.1.4) extends also to the case of a torsion-free sheaf, 
hence on P^ there exists a spectral sequence E^''^ with second first term: Ef''^ = H'^if''^ ,T ® 
p)) ® 0{—p) which converges to : 

^p.q ^ I ^ p+q=0 
°° |_ otherwise 

We apply this to the sheaf ^^{—1) and use the vanishing conditions. Then this leads to a monad, 
with cohomology J-{—l), given by 

— - £;°'i — E-'^' — E-'-' 

Twisting the complex by 0{~1) one has the monad: 

^ H\F^, ® 0(-l) H\F^,T ® n^) -^-^ ffi(p2, T{-2)) ® 0(1) ^ 

with cohomology the sheaf JF. 

□ 

Proposition 2.2. The direct image 7r*Wi of the sheaf Wi is given by the cohomology of a monad 
on with trivial middle term 

Proof. It suffices to verify the vanishing given in theorem 12.21 

H°{F^,n,W^{-l)) ^ 0: 

We know that Wi is trivial on every exceptional divisor. It follows that this is also true for the 
dual sheaf , hence the dual is isomorphic to the pull back of its direct image on P^, moreover 
we have 7r*(W^j*) = (tt^VFi)*. We need only to prove that Wi{—1) has no global sections. 

^One can see that Qi is torsion free by tensoring the last row of the display by kx = O/mx. This shows that 
Tor'^{Qi, kx) = for i = 1, 2 since £ and Bi are torsion free. 
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We start by dualizing the first row of the display, which gives the exact sequence: 

— >Bl — >W* — >Xl — >0 
After twisting by ©(— 1,0) we obtain the following sequence in cohomology 

— y ®1^iB* (g, H"iP,0{-2,-Ei)), — ^ H"{¥,W* {-1,0)) — > ff°(P, 0)) 

" V ' 



Now we want to prove that i?°(P, 1, 0)) = 0; The dual sequence of the left column of the 
display is 

— y£* — > X* — yAl — > Sxt\£*, O) — > £xt\X*, O) — > 

where £xt^{£, O) — A and £xt^{Xi, O) = Ax and both of them are supported on finite sets of 
points. We split the above sequence into : 



— 


-^£* - 









- 


-^T - 









- 




A — 


-Ax - 






From the third we can see that g is supported on points and from the second that T* = . now 
we take the sequences in cohomology induced by the above exact sequences; from the first one has 

— > iJ°(P, £■*(-!, 0)) — > H"{P,X*{-1,0)) — > H°{P,T{-1,0)) 



and from the second one has 

— > H"{V,T{~1,0)) — > iJ"(P,^^(-l,0)) 

but H°{¥,AI{-1,0)) = (g H"{F,O{0,-Ei)) which is zero since H°{F,O{0, -Ei)) = 0. 

Thus H"{F,T{-1,0)) = which implies that W^{-1) has no global sections. 

g"(P^7r,T4^i(-l)) ^0: 

The same argument as above can be used. Hence the torsion free sheaf 7r*Wj* is described as 
the cohomology of a monad with trivial middle term. 

□ 

The monad which has cohomology the sheaf tt* Wi is given by 

: — > Koi-l) — >W — yLo{l) — >0 

where Kq = H^{V,Wi{~2,~L)), Lq = H^{P,Wi{-l,0)) and is a trivial bundle, as we shall 
prove later. To see that the spaces Kq and Lq yield the Chern character ch{Wi) we shall compute 
their dimensions: 

Proposition 2.3. 

i/"(P,Tyi(-2,T)) = H°{V,Wi{~l,0)) = 

and 

i/2(P, VKi(-2,T)) = H^{¥,Wi{-l,0)) = 

Proof. The proof is given by using the display ^ twisted by O{—l,0) and taking the induced 
long exact sequences in cohomology. □ 

Corollary 2.2. The spaces Kq and Lq have, respectively, dimension k + ° and k + ^ ° ^ ^° . 
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Proof. By using the Riemann-Roch formula we compute the Euler characters of Wi{—2, 1 ) and 
T4^i(-1,0). This gives 

(7) x(W^iM,t) = -(fc+ and x(W^i(-l,0)) = -(fc- 



2 ' ' V 2 ' 

The corollary follows from the vanishing of the groups in the proposition above. □ 
Lemma 2.2. The middle term W of the monad Mq is trivial. 
Proof. We use the following result: 

Lemma 2.3. On a smooth regular surface rational to a blow-up o/P^ in distinct points, a sheaf 
T is trivial if and only if ci{T) = 0, C2{J-') = and is trivial 

The proof of the above lemma is similar to the one given in lemma 3.2.2 jjj. We use the 
display of Mg and compute the Chern character ch{W). The triviality on the Hne at infinity can 
be checked by restricting the above display to this Hne, from which one has H^{loo^W\i (—1)) = 
H\l^,W\i^{~l))^0. " □ 

Now we want to construct the intermediate monad with trivial middle term and with coho- 
mology the original sheaf £. First we have to pull-back the monad Mq to a monad Mq on P: 

Mo : — >i^o(-l,0) — >W — >io(l,0) — >0 

Then we should lift the morphism Ai — > Wi to a morphism Ai — > Xq where Xq = ker{W — > 
Lo(l,0)) i.e. 

/ 

aS^-Wx 

so we want a surjective morphism iiom(A\,X'^ — > Hom[A\,W\). The obstruction to get this 
lies in the group ifo(-l, 0)) which is zero since Ext^{A\,KQ{-\,{i)) = ©"^lA* ^Ki^® 

i/i(P, 0(0, -E.^)) = 0. This means that all the extensions 

— > i^o(-l, 0) — > A — > Ax — > 

split, hence A^ Kq{—\,^^ ® A\. Furthermore we have a monomorphism A — > W . 

Dually we want to lift the morphism W\ — > B\ to a morphism Qq — > Bi, where Q'q = 
coker{Ko{-l,0) — > W) i.e. 

Wi—^Bi 

r ^ 

We also want a surjective morphism Hom{Q'Q,Bi) — > Hom{Wi, Bi), and in this case the 
obstruction is in the group Ext^{Lo{l,0),Bi) which also vanishes since Ext^{Lo{l,0),Bi) = 
®7=iBi ® ® i/i(P, 0(0, -Ei)) = 0. This is means that all the extensions 

— >Bi — >B — > Lo{l, 0) — >0 

split, hence B — Lo{l, 0) ® Furthermore we have an epimorphism W — > B. Now we have 

M : — > Koi-l,0)®Ai — >W — >Lo{l,0)®Bi — >0 



8 



which is a monad with the following display 

(8) 

Ko{-l,0)(BAi = Koi-l,0)®Ai 
^ X ^ W ^ Lo{l, 0) © Bi — ^ 

1 \ II 

^io(i,o)©Bi — ^0 

\ I 


from which wc compute the Chern characters, and get 

ch{J=') = ch{Q) - c/i(Lo(l,0)) - ch{Bi) = ch{X) - ch{Ko{-l,0)) - ch{Ai) 

= rk{W) -D-D'-ko-lo- [{D' - D - ko + lo)loo - S?=iK + d'i)Ei] - '^^±^uj 
and since we have the relations: 

rk{W) = r + D + D' + ko + lo, ko + lo = 2k + |"a p 

(9) S^^iK-(i;) = -S^^iai = -a ko - lo = a = -{D - D') 



then 



chiJ') =r + i:^^^aiEi - (fc + ^J-)a; = ch{£) 



One can use also the three displays of Mi, Mq and M to prove that T = £. Thus we have the 
following : 

Theorem 2.3. Let £ he a torsion free sheaf with Chern character ch{£) = r + YT^^-^aiEi — [k + 

on a multi blow up ofF"^ in distinct points. Denoting by n :F — > the blow-down map, 
the direct image 7r*£ of £ is semi-stable. Then £ is given by the cohomology of a monad: 

M : — >Ko{-l,0)®Ai — >W — >Lo{l,0)®Bi — >0 

where 

Ai :=Ext\£,O^E,{-l)r, Bi := Ext°{£,O^E,{-W 
Ai := ©r=i^i(-l, E,), Bi := ©?=iSi(l, -Ei) 
Ko := H\¥,£{-2,1^)), Lo := ff^(P, f (-1, 0)). 



Remark 2.1. 1/ Using the display of the monad Mi we can write 

Ko := H\F,£{-2,^)) ® H\F,Ai{-2,^)) ® H\¥,Bi{-2,^)) 
Lo := H^F, £(-1,0)) © H\¥, Ai{-1, 0)) © ^^(P, Bi{-1, 0)). 

From the Riemann-Roch formula one has H^{P, Ai{-2, = ©^^^^^^^^^(P, 0{-3, 'l+Ei)) = 
since x(C(— 3, 1 + Ei)) = and also 

H\P, Bi{-2, T)) = ©^^iBi © H\P, 0{-l, ~1 - E,)) = 
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The vanishing holds also for H^{P, Ai{—1,0)) and iJ^(P, 1, 0)). Hence we have the forms of 
Kq and L{) given in the theorem above. 

II/ Since the monad in the theorem above has a trivial middle term, the kernel of the second 
map is locally free. This can be seen from the display by dualizing the sequence — > X — > 
W — > Lo(liO) © Bi — > 0. As a consequence the first map will vanish exactly on the singularity 
set of £ since this sheaf is the quotient {Kq{—1,0) © Ai)/X of two locally free sheaves. 

In order to study the moduli space we are interested in, we need to know if famihes of such 
monads behave well in describing famihes of torsion free sheaves; We start by reminding the 
following'^: 

Proposition 2.4. Let be M : A — > W — > B and A' — > W — > B' two monads on a surface 
X with cohomologies £ and £' respectively. The morphism H : Hom{M,M') — > Hom{£,£') is 
epimorphic if 

Ext\B,W') ^ Ext\W,A') ^ Ext^{B,A') =0 
Furthermore the kernel is identified with Ext^{B,A') if Hom{B,W') = Hom{W,A') = 0. 
In our case it is easy to check that 

Ext\B,W')^Q Ext\W,A') = Q Ext'^{B,A') = 
Hom{B, W) = Hom{W, A') ^ Ext^ {B, A') = 0. 

using Riemann-Roch theorem. Hence H : Hom{M, M') — > Hom{£,£') is an isomorphism. 

The monad we constructed describes well families of torsion free sheaves and one can talk 
about a moduli space of such objects but before we have to fix the problem of the control on the 
dimensions of Ai and Bi; their difference is constant dimAi — dimBi = Ui, but each dimension 
can, a priori, jump. We do as in pLj; We apply the functor Hom{£, •) to the sequence ^ twisted 
by : 

— > B* — > Ext\£,O{-l,0)) — > Ext\£,0{-l,E,)) — > A* — ^ 

then there exists a splitting through V* — ker{Ext^ {£ , 0{—l, Ei)) — > A*) i.e. 

Q^B* — > Ext\£,O{^l,0)) —^V* — > 

— >V* — y Ext\£,0{-l,E,)) — > A* — > 
dualizing the sequences and using the fact that 

Ext\£,O{-l,0))* = Ext\0 (-1,0), £{-3,^ )) =H^{£{-2,^)) and 

Ext^{£, 0(-l, E,))* = Ext^{0{-1, E,),£{-3, = H\£{-2, ~1 - E,)) 

which have dimensions, respectively, k + iE"^^aj(aj + 1) and k + |E"^jaj(aj + 1) — a,j, one has 
the isomorphisms : 

(10) A(BV,^H^{£i-2,l! -E,)), B,®V,^H\£i-2,T)). 
On the other hand consider the following extension 

(11) 0^O{-l,E,) ^Wo-^Oil,~E,) ^0 

The Chern character of Wq is ch{Wo) = {1 — loo + + loo — Ei) = 1 which implies that 

ci{Wo) = and C2(Wo) = 0. Applying lemma 2.3 we get: 

■^For the proof see [7] section 2 or |6] 4.1.3 which extends easily to the case of torsion free sheaves 
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Corollary 2.3. Wq is 

Proof. To show this it suffices to show that H'^'^{Ioo,Wq^^{~1)) — 0. We restrict the extension 
(fTTI) twisted by 0{—l, 0) to the fine loo- We have the following sequence: 

Thus H°iloo,Wo\i^{-l)) ^ H\loo,WoiiJ - □ 

What we have to do now is to twist again the extension ifTTj) by Vi; 
(12) V^{-1, Ei) ^V,®Wo-^ -Ei) — . 



and since adding such exact sequences, for every z, to the monad in the theorem (|2.2p will not 
change the cohomology £, then using the isomorphisms lfTO|) one has the following 



Proposition 2.5. Let £ he a torsion free sheaf satisfying the conditions of theorem (|2.2p . There 
exists a monad M , describing £ as its cohomology, which is of the following form: 

M: ^ (B'?=oK^{-l, E,)^W ^ (B'-=oUil, -Ei) 
where we put Eq := and 

j K,=H\V,£{-2,^ -E,)) 



and where 



U=H\¥,£{-2,1)) 



Ko ■.= H'if,£{-2, 1)) 
Lo ■.^H^{F,£{-1,0)) 



Remark 2.2. // The reader must be aware of the use, in the proposition above, of the same 
notation as in theorem \2.3[ while the spaces and the monads are different. 

II/ Since the dimensions of our spaces are as the following: 



dimKo = k -\ ^ , dimLo ~ k 

dimKi = k + ^- — ^ ^ ~ — aj , dimLj = k 



lap 



then 

dimKo + Yi^^^dimKi = {n + l)k + " (|a|^ + a) 



n + 1,, 2 



dimLo + Yl^^^dimLi = (n + l)k -\ —\^? ~^ = {n + l)k H ~(\"'\'^ + a) - a 

thus the left and right terms in the monad have the same rank dimLo + Yl'^^j^dimLi. Hence rkW — 
2{dimLo + T.f^idimLi) + r. 

Ill/ Using the display of the monad above one can see, straightforwardly, that the kernel K of 
the second map, that we denote by I3(x), is a locally free sheaf. Then the fact that the cohomology 
is a torsion-free sheaf will imply the vanishing of the first map, that we denote by a{x), on finitely 
many points. These are the singularity set of the torsion free sheaf that we are describing. Vice 
versa if the map a{x) vanishes on some finite set of points, then the cohomology of the monad 
would be a torsion free sheaf with singularity set, exactly, the set of the points where a{x) vanishes. 
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3 The ADHM data 



To describe the ADHM data associated to the constructed monad, we reduce the Unear data 
in this monad by throwing away some of the extra degrees of freedom, using its symmetries 
(automorphisms). We now summarize Penrose notations introduced by Buchdahl in [T], then 
review the steps of the reduction. 

On we denote the homogeneous coordinates by (z°, z^, z^). The hne at infinity Loo is given 
by the equation = 0. Let "Pi be one of the points in in which we perform a blow-up, and 
assume pi ^ L^o for all i. So we can consider that all these points are in the chart [^",2^,1] 
and denote their inhomogeneous coordinates in this chart by = (p^, 1) where ^ = 0, 1 and 
a = 0,1,2. Locally, near every blow-up point, P can be described by {([z", z^, z^], [w", w^^]) e 
p2 X pi/(z° ~ ■p\z'^)w\ = (z^ -pj^z^)w°}. If we put now \w\ = -/} -pjz'^ and A^w" = z" - pfz"^ 
the equation 

{z'-p^z^)w] = {z'-p\z^)w^ 

of the blow-up is satisfied, pfz"^ is a hyperplane in P which is in the linear system |^oo|, while 
z'^ is a divisor in the Hnear system \Ei\. So that all together (z^ —pfz'^) gives a divisor in the 
linear system \Loo — Ei\, and we can think of z^ — p^z^ — Xiwf as a section of O{loo — Ei), i.e., 
wf e i7°(P, 0(1, —Ei)). The restriction of to the exceptional divisor Ei gives the homogeneous 
coordinates {Wi,w}) of Ei. Finally we denote 

f Wio := -wj 
\ Wii := w° 

It follows that wfwiA = 0. 

More generally if we have a pair of matrices as niA = ("T-o,mi) we use the same two index 
notations as above, and we write m^mA = momi — mimo. For the direct sum V (B V and the 
morphism (mo,TOi) : V — > V (B V we use the notation ttia ■ V — > Va- Given a morphism 
V (BV — > V where {vq, vi) — > m^vo + m^vi, this would be written as : — > V . 



Now let us consider a monad M as in the Proposition 2.5 

Ol{x\ 0(x) 

M: ®f=oK^hl,E,)^^W -^®2=oHl,-E, 



with cohomology a framed torsion free sheaf £. Following [2] one can choose a basis for W such 
that W = (B^^gLiA, then the maps a{x) and /3(x) take the form: 



(13) 



aooZA + aooAZ aoiWiA ao2W2A 
aiiWiA 

a22W2A 



aioXiWiA 

a2QX2W2A 
anoXnWnA 

C^ZB + cz'^ 



aOnWnA 






0-nnWnA 
C,f WnB 



(14) 



I uA 2 

z -^- OnnZ 









b^,z^ 








„2A 







f„z« dz^ 





nA Q 



a{x) is of maximal rank except at some finite set of points, S Hom{Ki, Lj), aoiA G Hom{Ko, Li), 
cf e Hom{K„V), c e HomiKo,^), b^, e Hom\Li,L(,) and d £ i^om(C^Lo). 



12 



The monad condition P o a = will give the following equations: 



(15) 
(16) 
(17) 




0. 



Using the lemma 2.3.4 in [3, the framing condition is equivalent to the non-singularity of the 
matrix 



(18) 



ftOO flOl 0,02 

Qio an 

a20 022 



a„o 












To put the equations into a simpler form, we shall use the available symmetry to fix some 
of the extra degrees of freedom. We use the transformation gw acting on the space W and 



thus acting on the monad by Pg-^ for some gw of the form gw — 



"b 







, where 



This transformation replaces all cf by zero for i > in the equations 



13,1161 and (1161) . 



Now let us define the following objects, which will provide useful notation to write the linear 
data in a more compact way; 

aio 



and 



(19) 



[ a. 



00 

















P2 





Using the notations above one can write IjlSp and (fTT)) as 

(20) fo^a + flo.?-^ = aoo(=«^) 
while the second equation lfT6|) takes the form 

(21) ^ooOooA - b^pAa,o + rfc 

From l(20|) we have b"^ — {a^ — ao,p'^)a^^. By replacing in l(22|) one can write 

(22) ^to'^^ooa — a'^a^ Vaa.o + ao.P'^a^ V^a'O + dc = 

Using the commutator [p^, a] in the ralation ((22|) . the monad condition takes the form 

(23) (g-^fl-ig^)"" + dc = 
where we defined the matrix q"^ as 



(24) 



Pi^aoi P^ao2 



pfa2o 



P„aon 
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If now we consider another monad M' of the same form which satisfies the same condition above 
with respect to the data (a', q'^ , c', c?'), where the associated matrix a' is invertible, and such that 
its cohomology £' is isomorphic to the cohomology of Af , then there exist transformations 
g G y4-Mi(®-Loii) and h e Aut{®'l^QKi) of the form: 



(25) 



ffoo 9m 902 
911 

522 







90n 






^00 








■ 




hii 





■ 


^20 







■ 













which relate the two configurations by the action (a', q ,c' , d') = {g, h){a, q ,c, d) given by 



(26) 
(27) 
(28) 
(29) 



floo — > 500^00^00 + 5^"=i5oiaio^oo + gooO'Dihio + goiauhio 
o-Qo — ^ 5ooaeK)'''00 ^ '^7=ii9oiO-iohoa + goociQihio + goiaiihio)pf 
o-ii — *■ giiO-iihii, ooi — > goQCioihii + goiauhiQ 
Qio — > guamhoo + guauhiQ, c — > c/iqo, d — > good- 



Hie set of transformations that fix the configuration {a,q-^,c,d) are of the form g = 1 + am, 



h={l- 


- ma) ^ , where the matrix 


m is 


of the form 






' 








... 









mil 





... 


(30) 


m = 








m22 


... 


















Fixing an isomorphism Ki = Lq, one can choose the matrix a so that a^o = 1 Vi > 0. To 
preserve this form of a, the transformation h must be of the above form and such that ha = 
{900 + 9oiO-ii)^^- One checks that with a of the above form, every matrix g such that 500 + ffoioii 
is non-singular and there exists a matrix D of the form D = diag{doo,dii, ■ ■ ■ ,dnn) such that 
g = D{1 + am). The explicit form of these matrices is given, by they entries, as the following: 



dao — goo 



mi. 
da 



- 9oo 9oi 
9u9m^ 900(90 



■ gOiO'ii) ^gOi 



Finally, the moduli space of framed torsion-free sheaves £, on P, with Chern character ch{£) = 
r + T,"^.^aiEi — (k + ^^), is identified with the space of configurations (a, Cqq, c, d), such that the 
elements aoi of the non-singular matrix a are all equal to 1 for i > 1 and such that the condition 
((23l) is satisfied, modulo the action of the group of non-singular transformations of the form and 



(31) 



diag{gQQ,gii, 



hoo 
hio 

h20 



I'nO 





9oo 






9oo 



Their action is explicitly given by 
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0-ao — > 3oo(aoo + ^7=i^iohQQ)hoa, o-qq — > .9oo(aoo — T,^^^{hiohi^Qpf')hoo 

c — > cft-oo, d — > good- 

The above free action of the group, obtained from the reduction of the monad, with isotropy 
subgroup Gc — {Id} for every configuration C = {a,aQQ,c,d), will give a nonsingular quotient as 
we shall prove in the next section. One can check, from the data above, that the dimension of this 
moduli space is dimA^lj, = 2{k + — |a|. The space is represented as: 

Ml, = P/G 

where 

P — i (a d) / satisfied, a is non-singular and such that the associated morphism 

[ ™' ' a{x) can have a non-maximal rank only on a finite set of points 

and the group G is the one defined by (5, h) of the form given in l(3T1) . 

4 Smoothness of the moduh space M\j^ 

We want to prove the smoothness of the moduli space — P/G where P is the space of the 

ADHM data p :— {a,q^,c,d) and G is the symmetry group acting on this data. First let £ and 
£' be two framed torsion-free sheaves with the same fixed Chern class, and let a : f — > S' be a 
morphism preserving the framing up to a homothety, i.e., the diagram 

(32) 

commutes. A £ and r is the rank of the sheaves £ and £'. Since <& and $' are isomorphisms, 
one gets the following relation 

(33) a\i^ = A$'"i$ 

and since supp\loo\ is open dense in P, the morphism a is completely determined by its restriction 
a\i^. Define Hom'^ {£,£') to be the subgroup of Hom{£,£') which contains the morphisms pre- 
serving the framing up to a homothety. <i)'~i$ being a fixed element of End{0®^ ) and A G Cj;^ , 
the dimension of Hom^ {£,£') as a subspace of Hom{£,£') is 1. 

Let us consider the universal monad on P x P which will be introduced in section 5; 

M : ©f^oCp(-l, Ei) MK,®Op ^ O^^W^Op ^ ©^^oCp(l> "^0 ^L,®Op 

with cohomology the family that we denote by 5^; which is P-flat and for every point p G P, the 
fiber is given by = £{p), a framed torsion-free sheaf of . On P x P x P consider the following 
projections: 

p X p X IP : p X p 

pri2 j 
P X P 
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Consider the sheaf Hom{prl^^ , pr23^) on P x P x P. Since the sheaves pr23S and prJsS" are fiat 
on P X P, then is 'Hom{prl^^ , pr^^^) . 

Let us use the following notation: We omit the pull-back symbols, and consider (j)) := 

5J — ^ Of"^ where the morphism 4> is given by the triangle 




and define 



i7om((^,0),(iJ',7/^)) := 




We know also that supp\loo\ is open dense in P, and if we denote it by Uoo- Then for every open 
set [/ € P has non trivial intersection with Uoo- In this way, for any sheaf Q, the restriction on an 
open set U can be also restricted to C/ fl Uoo- Now define the pre-sheaf Ti,om{{^, cj)), (5^', ip)) as 

(34) U ^Homii^\u,<l^\u),&\u^M^ 

i.e., to every open subset U we associate the diagram 



(35) 



o 



o 

A 



O 



one can easily show that this is a sheaf. The sheaf axioms for are inherited from the sheaf properties 
of ^, ^' and the commutation of the square diagrams. 

We want to show that this sheaf defined by (|34l) is fiat over P x P. Since the question is local 
on P X P, one can consider an open affine W = SpecA C P x P and work with A-modules. Then 
we can show that Hom{{^, 0), , t/i)) is yl-flat. Let 

(36) — > M' — > M — > M" — > 

be an exact sequence of A-modules, and let ^ be an ^-fiat family of framed torsion-free sheaves 
on P. One has the short exact sequence 

— >'S®A M' — > ®A M — > S' M" — > 0. 

The restriction of ^ to any open U being also an ^-fiat module one has the sequence 

—> ®A M' :S\u ®A M ^S\u (^A M" 

The same situation is true for an other family g^', and if we consider any morphism a\u :^\u — > 
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in Hom{{d\u, {^'m ^ i^lu)) , we get the following diagram: 



®A M' 



■ ®A M" 



<J>|!7Q!JA-'M 



M ■ 



5' ®A Af 



L M 



■ ®A M" 



where by lu we mean the identity morphism on M and the same is true for /a/' , Im" ■ Equivalently 
this means that the sequence 



^/fom((S'|!7 ®A M',0|cj ®A hi'), M',-il}\u (g)A Im')) ^Hom({^\u ®A M,<l>^u ®a Im), ®A M,i)\u ®A Im)) 

^Hom((5|y (^A M",<t>\u ®A Im"), (?\u ®a M",ij\u «)A Im")) ^0 

is exact. But one has also 

Homii^iu ®A M,(t>\u ®A hi), &\u ®A M,iP\u 0a Im)) = Hom{{S\u , <P\u), &\u^'^\u)) ®a M ; 
this can be seen by twisting the sequence ((36l) . So we get the sequence 

Hom{(S\u,<P\u),iS\u'-^\u))'»AM' . Hom{{S\u,^\u),{S\u''P\u))<^AM > Hom{{S\u , ^\u), i^u ''P\u))®aM" 

and we have only to prove that the first map, that we call S, is injective. If we denote the first 
map in l|36p by 9, then S : E^ai (^a mi — > SiCti ®a Qirrii). To do this we construct the diagram 

— ^ ®A M' — ^ d\u ®A M — ^ (®A M" — ^ 

^ ®A M' (g,A M ®A M" 

By commutativity of the diagram one can see that if ai (E>a Im — then 6 o ai (E)a Im' — but 9 is 
injective, hence ai Im' — 0. Thus S is injective. After gluing sections of the involved sheaves, 
one gets an exact sequence 

^Homii'S, 0), V-)) <S>A M' ^Hom((5, </>), (5', i^)) ®a M 

^Hom((5, <j}), (5', V)) ®A M" ^0 

Hence the sheaf Hom{{^, 0), tp j) is flat over P x P. 

Let us remark that since the group G acts freely on the non-singular space P, with trivial 
stabilizer for any point p G P, then the quotient is smooth if the graph of the group action is 
closed, i.e., the image T :— Imj of the morphism 

j:G X P — > P X P 

is closed (see [18]). In our case the pair {p, a) is in the graph F if and only if diniHom'^ {£{p), £{a)) = 
1, in other words 

(37) r = {{p,a) e P X P/h''{prYi{p,a),nom''{prl,d{p),pr;3S{a))) > 0} 

Since the sheaf Hom'^ {pr^^^ , pr23d) is flat on P x P, then from semicontinuity theorem it follows 
that r is closed analytic space. Hence the quotient P/G is smooth. 
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5 Moduli functor and universal monads 



In the following we want to prove, using the monadic description, that the moduH space Mg j, is 
fine. This will be done in a few steps by constructing families of such framed torsion free sheaves, 
parametrized by some scheme S, and building a monad M. on the product P x S* with cohomology 
the family we started with. But before starting our program let us give some definitions and set 
some notations for our moduli functor problem. 

Let ^ : &ch — > &et be the contravariant functor from the category of noetherian reduced 
scheme of finite type to the category of sets, which is defined as follows; to every such scheme S 
we associate 

{JT is a coherent sheaf on S x P flat on S and such that ^ 
[T]/ ^» fc(s) '^S is a framed torsion-free sheaf on P with I 
ch{£)=r + T.^^^a,E,-{k-^)Lu J 

where [T] stands for the class of the sheaf T. 

Definition 5.1. A scheme -M^ f. is called a coarse moduli space if the following conditions are 
satisfied: 

• There is a natural transformation 

which is a bijection for every reduced point s. 

• For every scheme TZ and every natural transformation 

there is a unique morphism of schemes f : j, — > TZ such that the diagram 
(38) ml,{.)^Hom{.,Ml,) 




Hom{», TZ) 

commutes. 

Definition 5.2. A scheme A^? is called a fine moduli space for the functor 97t? if the natural 
transformation <& above is an isomorphism. 

Given a noetherian reduced scheme of finite type S, let be a coherent sheaf on P x S* which 
is flat on 5* and for every point s & S , Ts — T ® kg is a framed torsion-free sheaf £ on P with 

-|2 

Chern character ch{£) = r + Y^f^-^a.iEi ~ [k ~ ^-^-)uj. We want to construct a monad on P x 
which is associated to the sheaf T , i.e., the cohomology Coh{M) = T . We have 

(39) T 

1 

P X S' 




P S 



For every two sheaves, .7^ on P and Q on we use the following notation T^Q := p*T ®^Q. 
We consider also for a morphism / : X — > Y of noetherian reduced schemes of flnite type, and 
define the z-th right derived functors of the functor 7iom/(C/, •) :~ f*oTi.om{0, •), for more details 
see for example p3|- Before proceeding we want to introduce the following useful result, which is 
a kind of "relative local-to-global" spectral sequence: 
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Proposition 5.1. Let f : X — > Y be a morphism of noetherian reduced schemes of finite type 
such that there is a covering y of Y for which f~^{y) is a covering of X . For a fixed coherent 
sheaf Q flat on Y we consider the functor Hom[Q,»). Then for any sheaf J on X flat on Y, 
there exists a spectral sequence EP'"^ of E2 -term i?^''' = H^{Y,£xt'^^{Q , J)) which converges to 
EPj'^ = Ext^+'^{£,J) 

Proof. Let J — > /* be an injective resolution of the sheaf J, and consider a Cartan-Eilenberg 
resolution given by the Cech complex associated to the complex of sheaves Homf{G, I*) for a 
suitable open cover y of Y. This defines a double complex C'{y,T-Comf{G,I*)) with differentials 

Si = d the differential associated to the injective resolution of J 
62 = S the differential associated to the Cech complex. 

There are two spectral sequences associated with this double complex [16], with i?2-terms: 

'E^,^'^ ^ HP,[Hiic'{y,nomfig,n))] 

= m[Hl{C'{y,'Homf[gj')))] 
Lemma 5.1. For an injective object I , the sheaf T-Lom{Q , I) is flasque. 

The proof is given in ([U], II. 7). The i?i-term of the first spectral sequence is given by: 

'EP'" ^ Hi{c'{y,nomfigj''))) 



= Hi{c'{y,f.onom{g,F))) 



Then 'EP'" ^ | 



HUc'{f-\yinom{gjp))) 

Hom{g, IP) q^O 
q^O 



since the sheaf Hom{g , 1^) is fiasque for every term Jp of the injective resolution. We also used 
the condition on the open covering given in the statement. This spectral sequence degenerates at 
the second step and converges to '£;p+'? ^ Ext'^'^{g, J). 
The second spectral sequence has i?2-term: 



"sr = H^{c'{y,n'',(nomf(g,n))) 
= Hi{c'{y,£xt){g,j))) 

Then "Sf-" - HP(Y, £xt}{g, J)). 

□ 

This proposition will be used in the next step to prove the existence of a display of a monad 
on P X 5 associated to every family of framed torsion-free sheaves on P. Consider the following 
extensions: 

(40) — >U — >1C — >T — >Q 

(41) — >T — >Q — >V — >Q 

where U = ©f^oO(-l, E,) MU,, with 

Uo = 7^lg*(J^®p*C(-2,l)) 
U,^n^,{T®p*0{^2,l-E,)) 



and V = ®LoC(l, -Ei) S Vi with 



Vo = 7^lg,(.^(^p*O(-2,0)) 
V^^n^q,{T®p*0{-2,l)) 
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The sheaves U and V are locally free on P x S*; To see this let us consider, for the moment, the 
sheaves and Ui. By Grauert's theorem ([9], III. 12. 9), for every point s & S, there are maps : 

q4T(E)p*Oi-2,l)))(g)k{s) — > i/°(P,£:(-2,l)) = 
q4T(E)p*Oi~2,l- Ei)))(g)k{s) — >iJ"(P,£-(-2,l-K,)) =0 
Ti^q^T (g> p*Oi-2,l))) ^ k{s) — > H^{F,£{-2,1)) ^ 
Ti^q^T (g> p*0 {-2,1 - E.,))) ^ k{s) — > H^{P,£{-2,1- E,)) = 

(42) 

Since all of these maps go to zero, the sheaves in the left-hand side have rank zero at all s £ S, 
thus they vanish identically. By the Riemann-Roch theorem, the dimensions of H^{¥,S{—2, 1)) 
and H^{F,£{—2, 1 ~ Ei)) are constant, hence Uq and Ui are locally free. In the same way one can 
easily see that Vo and Vi are locally free. 

The two extensions, fiOj) and (|1T|) . fit into the display of a monad on P x S* if and only if*" 
Ext^iy^U) = 0. To show this vanishing property we use the "relative local to global" spectral 
sequence that we constructed above; we have 

The spectral sequence terms which contributes to Ext^{V,U) are 

H°{S,£xtl{V,U)), H^{S,£xt\{VM)) and H^{S,nomg(y,U)) 
so we have to prove that all these terms are zero. 
H^jS, nomq{V,U)) : 

Homg{V,U) (E> k{s) = ®l^^oWom{q*V,,q*Uj (E>p*0{-2,E, + Ej))] ® k{s), 
Again by the Grauert's theorem there is a map 

®lj=0^*['Hom{q*V^,q*l^j^p*O{-2, E,+Ej))]®k{s) (Bl,=oH om{q*V^{s), q*Uj{s)®0{-2, E,+Ej)) 

since Vi are sheaves on S, then the pull-back q*Vi{s), of the stalk Vi{s) at a point s, is just the 
pull-back associated to the map P — > s — speck, hence q*Vi{s) is constant on P. This is also true 
for the pull-backs q*Uj{s) oiUj{s). Thus 

®lj^QHom{q*V,{s), q*Uj{s)®0{-2, E,+E,)) = (Blj^o[q*Vjis)]*®q*lljis)^ H°iF, 0{-2, E, + g,)) 



which implies the vanishing of Homq{V,U) identically. Hence H'^{S,Homq{V,U)) = 0. 
H\S,£xq{V,U)) : 

£xt\{V,U) = ®lj=o£xt\{q'V^,q*Uj ®p*0{-2, E, + E,)) ® k{s) 
We have a map 

(Bl^^o£xt\[q*V.„ q*Uj®p*0{-2, E,+E,))®k{s) (Blj=oExt\q*Vr{s), q*Uj{s)®0{-2, E,+E,)) 
'^see [5] section 2 
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but 

and 

H^{F,O{-2,E, + E,)) = 
H^iP,O{-2,E, + E,))^0 

Thus H'^iF,0{~2,E,+Ej)) = 0, implying £a;tl(V, W)®fc(s) = 0. Rence H^S,£xtl{VM)) = 0. 
H°{S,£xtl{V,U)) : 

By the relative Serre duality [15] we have 

£xtliV,U) = (Bl^^o{q47^om{q*l^J,q*V^^p*0{-l,^~E, - E,))]}* ® A:(s) 
There is a map 

®"j=o{9*[^om(rW,,rV.®rO(-l, l-E,-E,))]}*(^k{s) (Blj^oHom{q*U,{s),q*V^is)®Oi-l, l-E,~Ej)) 
but 

(Blj^QHom{q*Uj{s),q*V,{s)®0{-l,l-E,-E,))* ^ 



which implies that 8xt1{V,U) ^ and hence H°{S,£xtl{V,U)) = 0. 

By this, the vanishing property Ext^{V,U) = is proved, implying the existence of sequences 

(43) — >U ' 

(44) — >IC- 

such that the diagram 

(45) 

\ 
U 

\ 

\ 

I 


commutes, and we have a monad 

(46) M : ©r=oOp(-l, E,)^U,^W^ ©r=o(^p(l> ^ V, 

associated to the family T on P. One can show that the restriction to the fibers of q gives a monad 
isomorphic to the one in Proposition 2.5 and, using the display, one can show that the second 
term W of the monad M is trivial along the fibers of q. 

Another useful monad we now introduce is the universal monad on P x P ; 
(47) 



Q 
V 



• 






\ 

--U 

\ 
I 

■Q- 

\ 
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which has as cohomology a family that we denote by ^, and where the vector spaces Ki and Li 
are given by Proposition 2.5. 

Using the monads above we now proceed to prove that is a coarse moduli. We start by 

constructing the following natural transformation 

*:»l5,(.)^i?om(.,A^|,); 

this goes as follows: for any classifying scheme S, £ 971(5'), and a family T of torsion-free sheaves 

lap 

on P, with Chern character r + Yi^^^aiEi — (fc — ^—^)uo, classified by S, one has a monad given as 
in (061) which is canonically associated to T. If we consider an open covering then on 

every open afSne Sj the restriction M\Sj is isomorphic to a monad of the form: 

M{aj,Pj) : ®?=o(^p(-l, Ei) MK,® Os, O^^W ® Os, ®?=oOp{l, -E^) M L, ® Os^ 

where 

a, : 5, H, (3, : S, F. 

The spaces H, F are defined by 

r H = ®f^oHom(V„Hom{K,, W)) 
1 ¥ = (!)'l^oHom{Vi,Hofn{W,Li)) 

and Vi is such that V* = -ff°(P, 0(1, — £'i)). Then from the monad condition, we have a map 
fj — {aj,Pj) : Sj — > P and by construction these morphisms satisfy 

fi{s) /j(s) 

for s in the intersection Si fl Sj , where G is the group defined in page [TH The maps fj glue to 
form a global morphism 

f--S^ Ml,. 
This defines the natural transformation by: 

(48) $: m%{.) ^Hom{.,Ml,) 

e -$(e) :=/ 

/ depends only on the class ^ = [T]. Taking a reduced point s ^ S, and using the resulting monad 
on P it is easy to see that <I> : ItTlE j,(spec(fc(s))) — > Hom{spec{k{s)), /.) is a bijection. Now 
let TZ another parametrizing scheme such that there is a natural transformation 

v|/:OTL.(.)^ffoTO(.,7^). 

If 77 is a universal family on P x P parametrized by P such that ^{ij) ~ tt : P — > -^sfc' ^'^^ 
the natural transformation we have '^{i]) . P — > R. 

Proposition 5.2. ^'(ry) is constant along the fibers of the projection tt : P — > A^? 

Proof. Let p = spec{k{p)) G P and let pi, p2 £ Hom{p,P) such that n{pi) = 7r(p2); we consider 
the pull-back 

(49) p*v V 

P xp ^P X P 
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Then = $(?7)(pi), and by definition we have ^{r]){pi) = n{pi). Also by assumption 

7r(/9i) = 7r(/92) = ^{il){P2) = ^{P2V)j s-nd since the natural transformation $ is a bijection for 
every reduced point, it follows that 

PiV = P2V 

On the other hand we have 



Thus ^{ri) is constant along the fibers of tt : P — > A^? ^ 



□ 



The projection tt : P — > -^sfc) locally, has sections, so one can construct local mappings 

4> : A^? J. — '' Tl, but since '^{rf) is constant along the fibers of tt, then the map 4> can be lifted to 
a global map </> such that the following diagram commutes: 



(50) 



p 



Ml. 



Now for any parametrizing scheme S and a family ^ on P x S*, one has \E'(^) : S* 
{S'ijie/ be an open cover of S. The diagram 



n. Let 



S'-.. 




commutes, and we have ^15. = g*{r]). From the commutativity of the diagram, we also have 

= gtnv) 

On the other hand ^{r)) = o $(77), hence 

M^(Os, =ff*(</'o<i>(77)) 
= 0o$(^7*(?7)) 
= 0o$(^|S.) 

= [.^°*(0]|S. 
These maps glue together to form a global map 

*(0 = </.o$(0 

on iS. Since A^E is reduced, the map (j) is uniquely determined. By this we showed the following: 
Theorem 5.1. The scheme is a coarse moduli space. 
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The final step is to show that Aig is fine. To do this we shall descend the universal monadic 
description on P to a well behaved monadic description on f.. This is due to the fact that the 
space P X P is a G-space since there is a natural action 

G X P X P ^P X P 

(5,(a;,C)) ^{x,g-C) 

This induces a G-action on the universal monad M, in l[47j) . which descends to an action on its 
cohomology but since the action is free and the isotropy subgroup is trivial at all points, we 
have a well defined family ^/G — > P x P/G. We put il:—^/G which is a canonical family 

il^PxA^I, 

parametrized by VW? ^. 

Proposition 5.3. For any noetherian reduced scheme S of finite type, the mapping 

HomiS, Mi,) mi,{S) 



4> ^ = [(/dp x 

is bijective. 
Proof. Injectivity: 

Let 4>i,4>2 ■ S — > J. such that 

(Idp X <j>i)*ii^ {Idp X (/)2)*il 

then for every point s & S, one has il(0i(s)) — il(02(s))- Since the bundle ll(0i(s)) is the one 
given by the ADHM data associated to the point (f>i{s) € j., then 4>i{s) = 4>2{s) for every point 
s € S, thus (fii — 4>2- 
Surjectivity: 

For a family T parametrized by S one can associate the morphism <j) = '^{T) given by the 
natural transformation l(48|) . then by construction it is the pull-back of a family il parametrized 

This finishes the proof of the following 
Theorem 5.2. The scheme A^g is a fine moduli space. 
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